CLOSED IDEALS IN ANALYTIC WEIGHTED LIPSCHITZ 

ALGEBRAS. 
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Abstract. We obtain a complete description of closed ideals in weighted Lips- 
chitz algebras A w of analytic functions on the unit disk satisfying the following 
condition 

M? = «(l) (as |* - w| — > 0), 
where u is a modulus of continuity satisfying some regularity conditions. In partic- 
ular the closed ideals of the algebras A Xa , where Xa(t) ■= jyy — + 1)" ' a > ®' 
| are standard and this answers Shirokov's question [9l page 587]. 
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1. Introduction and statement of main result. 

Let D be the unit disk of the complex plane and T its boundary. By A(D) we 
denote the usual disk algebra of all analytic functions / on D that are continuous 
on D. We define the weighted Lipschitz algebra A W (D) = A w to be 

Q: a - r *- — — l^-^l 
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(feA(B): sup ^ ^™= (l) (as -0)), 

I ~ „,«=irt u[\z — W\) ) 



where u(t) is a modulus of continuity, i.e., a nondecreasing continuous real- valued 
function on [0,2] with u(0) = and u(t)/t is non increasing function such that 
lim uj{t)/t = oo. It is clear that A^ is a commutative Banach algebra when equipped 
with the norm 

\\f\U ■= Wf oo + SUp j — , 

z , m65 u[\z — w\) 

with \\f\\oo '■= su PzeD 1/(^)1- Similarly the weighted Lipschitz algebra A W (T) is de- 
fined by 

K(T):=(feA{B): sup \I^tJM = o(1) ( as \ z _ w \ _ )|. 

Shirokov showed in [10] that A^ possesses the so-called F-property (Factorization 
property), i.e., for every given / G A w and inner function U such that //£/ belongs to 
the algebra H°° (O) of bounded analytic functions, we have //[/ G A w and < 
c||/|| w , for an absolute constant c (see appendix B). Note that Tamrazov jTTj proved 
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that the algebras A w and A^(T) coincide for any arbitrary modulus of continuity uj 
(see appendix A) . 

The structure of closed ideals in the disk algebra is given independently by Beurl- 
ing and Rudin [4]. They proved that if X is a closed ideal of .4.(0), then there is an 
inner function U x (the greatest common divisor of the inner parts of the non-zero 
functions in X) such that X = {/ G A(B) : f\ Ei = and f/U x G H°°{B)}, where 
E x := G T : /(£) = 0, V/ G J}. 

Using Beurling-Carleman-Domar resolvent's method combined with the F-property, 
we can reduce the problem of characterization of closed ideals, in some algebras of 
analytic functions, to a problem of approximation of outer functions (see for example 
[2] and references therein). Korenblum [5] has described the closed ideals of the 
algebra Hf of analytic functions / such that /' is in the Hardy space H 2 . He proved 
that these ideals are standard (in the sense of Beurling-Rudin characterization of 
the closed ideals in the disk algebra). Later, this result has been extended to some 
other Banach algebras of analytic functions. In particular by Matheson [7] and 
independently by Shamoyan [8 J for the algebras A^, where (p a (t) := t a , < a < 1. 
The resolvent method is described as follows: Define d(£, E) to be the distance from 
£ G T to the closed subset E of T and let X be a closed ideal of the algebra A tPa . 

1. In the first step we give an estimate to the norm of the resolvent ||(£ — 
7r ( 2 ))~ 1 ||A v> /? m the quotient algebra A v /I, where 7r : A iPa — > A LPc JI is the 

canonical quotient map. We obtain ||(£ — ir(z))~ /j < , where 

d (£, E x ) 

1 < |^| < 2 and c is an absolute constant. So, from Cauchy formula on 
the quotient algebra K LPa /X, we deduce that all functions in A^ a such that 
f/U x G H°°(B) and < d\^,E x ), f G T, are in X. 

2. The second step consists to prove that the space of all functions in A^ such 
that f/U x G ft°°(©) and \ f(£)\ < d\£,E x ), £ G T, is dense in the standard 
ideal {/ G A Va : f\ E% = and f/U x G H°°(©)}. 

A closed subset E C T is called a Carleson set if the Carleson condition is satisfied, 
to wit 



. log -rm r )dt < +oo. 

The zeros of each given function in any Banach algebras Hf, A Va and other ones in 
which the structure of closed ideals is also studied by using the resolvent method 
[21 [9], form a Carleson set. For the general case the resolvent method fails to apply, 

as example we can consider the algebras A Y , where Y a (t) := -7- — rr; ^ a > 0, 

F 6 Xa ' A w (| log(t) I + l) a 

[3, page 587]. Indeed, let X be a closed ideal of A Xa such that E x is not a Carleson set. 
We have ||(^ - 7r(^))- 1 || Axa/I < ° E where 1 < |^| < 2 and tt : A Xa ^ A Xq /X 

is the canonical quotient map. It is clear that does not exist any power M such that 
f l/ M (e i4 )l 

/ . .. ^ . dt < +00 for all functions in A Y vanishing on £L. Therefore we can 
not conclude the first step of the resolvent method as described above. 
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From now on, u will be a modulus of continuity such that for every 1 < p < 2 
the following condition 

u(t p ) > ri P uj p (t) (0<t< 2), (1.1) 

is satisfied, where r\ p > is a constant depending only on p. 

In this work we prove that the closed ideals of the algebras are standard. For 
proving this we use only a special method of approximating outer functions in A w 
together with the F-property. More precisely, we obtain the following 

Theorem 1.1. Letuo be a modulus of continuity satisfying (11.11) . If 2 is closed ideal 
of A w , then 

I={/6i: f ]Ex = and f/U x G ft°°(0)}, 

where E T := {( G T ; /(£) = 0, V/ G X} and U x is the greatest common divisor of 
the inner parts of the non-zero functions in X. 

Consequently, we obtain the structure of closed ideals of the particular algebras 

2. Other results and proof of Theorem II. 1L 

We begin by recalling that every function / in the disk algebra has the canonical 
factorization / = c.U f O f , where c, is a constant of modulus 1, U. is an inner 
function (that is \U f \ = 1 a.e. on T) and O, the outer function given by 

/ W=exp{-jf ^±-log|/(e tf )|de} (z G D). 

The closed ideal of all functions in A^ vanishing on E is designed by Je- In the 
section 3.2 we give the proof of the following theorem 

Theorem 2.1. Let u be a modulus of continuity satisfying the following condition 

u(t 2 ) > 7/2 oo 2 {t) {0<t< 2), (2.1) 

where 772 > is a constant. Let 2 be a closed ideal in A w such that U x = 1 and let 
g G Je be an outer function. Then g 2 belongs to X. 

Remark 2.2. In the same way, as in Theorem \2.1[ we can obtain that if moreover 
uj satisfy the following stronger condition 

u)(t 2 ) > 7] u(t) (0 < t < 2), (2.2) 

then g belongs to X. 

In the section 3.3 we prove the following theorem 

Theorem 2.3. Let uj be a modulus of continuity satisfying the condition (11.11) . Let 

X be a closed ideal in A w and let g G A w be a function such that U g 2 G X. Then g 
belongs to X. 
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Proof of Theorem [777]; We have to prove that every closed ideal of is 
standard. For this, let I be a closed ideal of the algebra A^. If U T = 1, let g be a 
function in Je t - Hence, making use of the F-property of A^, it follows O g G A w , and 
therefore O g G Je t - Thus, according to Theorem 12.11 we deduce O 2 G X and then 
U g O A G X. Next, by applying Theorem 12.31 two times, we conclude g G X. 
Now if ZTj. ^ 1, we choose g G J7e such that g/U x G 7Y°°(D). Thus, the associated 
ideal 

K s := {/eA, : /<? G X} 
is closed and by the F-property of A u we see easily that U K = 1 and then /C = J7e . 
Now, since £ r C K , then O G /C . It follows that U O 2 el. So, by Theorem El 

' /Cg — -£ ' 9 9 9 g ' " 1 5 

g El. This completes the proof of the theorem. 

3. Approximation of functions in A w . 

In this section we give the proof of Theorem 12.11 and Theorem 12.31 For simplicity 
we use the following Tamrazov's Theorem (see Appendix A): If / is a function in the 
disk algebra such that / G A £J (T), then / 6 A u . We need also the following simple 
Lemma 

Lemma 3.1. Let f n G A^ be a sequence of functions converging uniformly on the 
closed unit disk to f G A w . If 

\fn{z) ~ fn{w)\ 

— = o(l) (as\z-w\ — >Q), 

uj{\z-w\) 

uniformly with respect to n, then lim \\f n — = 0. 



n >+oo 



3.1. Several technical lemmas. For / £ A u , the inner function U. is uniquely 
factored in the form U. = B.S., where B, is the usual Blashke product associated 
to Z f n D, Z f := {z G 1 : f {z) = 0} and the function 

r 1 C 2w e ie + z -\ 
S f (z):=e W {--j o —Z-dptf)} (seD), 

is the singular inner function associated to the singular positive measure /jL f . Note 
that the support supp(/x / ) of the singular measure fi f is a closed subset of E, := 
{(eT : /(£) = 0}. For a, b G T, we design by (a, b) (resp. [a, 6]) an open arc (resp. 
closed arc) of T connecting the points a and b. 

Lemma 3.2. Let u be a modulus of continuity satisfying the condition ( 12.11) . Let 

g be a function in A w and let U = B U S U G 7Y oc (D) be an inner function such 
that BJB V G n°°(B>), suppO^) C E g and (1/2tt) d^ v (9) < M, where M is a 
constant. Then UO 2 belongs to A w and we have 

— - — = °( 1 ) (a* 1^ — CI — ►o), (3.i) 
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uniformly with respect to U. If moreover uj satisfy the condition ( 12 .21) . then UO g 
belongs to A w and we have 

MZ)O g {Z)-U(QO a {Q\ 



w(ie-ci) 

uniformly with respect to U. 



o(l) (oalf-Cl— 0), (3.2) 



Proof. Let G T be two distinct points such that d(£,E g ) > d((,E g ). It is clear 
that 

TOQ 2 (0-fr(QO 2 (0l 

w(ie-ci) 

< |g P (0O 2 (0-^(C)o 2 (C)l 1^. 1^(0-^(01 

me -ci) 1 w(ie-ci) ' 

By the F-property of A w we have O g G A w and B v Og G A w . Then to prove (13.ip . it 
is sufficient to prove that 

|O 2 (0l |g " ( f, ~^| 01 =o(l) (asie-CI— 0). (3.3) 
First we suppose that |f — CI > ( 9 ^ ) 2 . Then 

WOI^^ < ^ |0 * (c)l 



w(ie-ci) - " ^(d(c,E g ))< 

= o(l) (as |C-Cl — > 0). (3.4) 

Now, let suppose that |f - C| < ( 2 - ) ■ Then [f,f] C T \ E g and therefore 
d(z, E g ) > -EJ, for every z G [f , C]- There is z G [f , C] such that 



I? - CI ' " v " " t 7o |e" - ™ v ' " d?(z,E g ] 

It follows 



1^(0-5,(01 < 2M 



We obtain 



|o 2 (0l 
|o 2 (0l 



|f -CI " d\CE g ) 

15,(0-^(01 



w(ie-CI) 

^(0-^(01 le-ci 



le-ci w(ie-ci) 
/2 L(d(c,£ s )v ^ 2 (c^ 9 ) «(ie-ci) 

= o(l) (as |f_ C|— 0). (3.5) 

So (13.31) follows from (13.4p and (13 .5p . Consequently U0 2 g belongs to A w . If moreover 
u satisfy the condition (12. 2ft . we can argue similarly to prove (13.21) . This finishes the 
proof of the lemma. □ 
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Lemma 3.3. Let f be a function in A w . Let 5 > 0, iV G N and {a n : < n < N} 

be a finite number of points in E, . Then 

lim \\il> s ,Nf -f\\u = 0, 

o — >0 
n=N 1 

w/iere ips,N{ z ) '■= ^= — ; F> 2 G D - 

„=o ^ - 1 - 5 

Proof. Without loss of the generality we can suppose that N = and a = 1. Set 
z — 1 

: = ; Fi 2 G ID>, and suppose that {1} G E,. We have to show that 

z — 1 — o ~ 1 

lim H^/ — = 0. Let G T be two distinct points such that |£ — 1| > |£ — 1|. 

<5 — >0 

We have 

1^(0/(0 -<M0/(0l ,,,, 1/(0-/(01 , lt , n , \M()-M0\ ,,„, 

Suppose first that |£ - (| > |C - 1|- Then 

|/(c) | MO-MOl < 2 . 1/(01 



w(ie-ci) - w(ic-ii) 

= o(l) (as I^-CI — >0). (3.7) 
Now if |£ — C| < |C — 1|) then \z - 1| > \( - 1| for every 2 G [£,£]. We obtain 

|/(c)| i^(o-^(oi = |/(c)| i^(e)-^(oi le-ci 



o.'(k-c.|) le-CI w(|e-CI) 

< 1/(01 w(ic-ii) le-ci 



^(iC-ii) IC-il w(l^-CI) 

= o(l) (as 1^ - CI — > 0). (3.8) 
From (EJ]), ((321) and (USD we deduce 

' feK) T-o) C)/(C>L o(1) <- ie - ci ^ o), 

uniformly with respect to 5 > 0. So the result follows by applying Lemma lcTTl to the 
family of functions tpsfi 5 > 0. This completes the proof of the lemma. □ 

We denote by K c the complement in T of the subset K of T. For a closed subset 
E of T, we have E c = [j (a n , b n ), where (a n , b n ) C E c and a n , b n G E. We define fl E 

neN 

to be the family of all the unions of arcs (a n , b n ), where (a n , b n ) C E c and a n , b n G E. 
For a given function / in the disk algebra and r G Q E (E is a closed subset of T), 
let us define the outer function f r G 7^°°(D) associated to the outer factor of / by 

/r(*) : = 6X P { ^ / bg lM } (^ G D). 

Then, we assert 
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Lemma 3.4. Let X be a closed ideal of A w , / G A w an outer function and let h G Je 
a function such that hf G X. Let T G Q E be such that T \ T is union of a finite 
number of arcs (a, b) C T \ E x (a,b G E x ) . If hf r G A w , then hf r G X. 

Proof. For simplicity we suppose that T \ V = (a,b) : = 7, where a,b G E x and 
(a, ft) C T \ E x . Let £ > be such that 7 £ := (ae ie , 6e~ ie ) C 7. For 5 > 0, we set 

: = ( : -)(_ 2GD. 

It is clear that 4e G A w and that 4> s (ae ie ) = <f> Se (be~ le ) = 0. Then, according 
to Proposition 13.61 -1 (below), we see that the function f le multiplied by the square 
of 4> Se belongs to A w , i.e., 4> 2 s J le G A^. Similarly, we get (flJ-yi £ A w . Now, for 
7r : A w — > A w /X being the canonical quotient map, it follows 







Since, the function <fi 2 f is invertible in the quotient algebra A^/X, then 



Using the fact 
we can check 



hfij^El {6,e >0). 



So^Uf-C/rll^O, 



<j>l hf r eT (6>0). 

Now, since /i/ r G A w and hf r (a) = hf r (b) = 0, we can deduce from Lemma [3731 that 

Hm ||0j o /i/ r -/i/ r L = O. 

So hf r G X. This completes the proof of the lemma. □ 

Let X be a closed ideal of the algebra A u . We have U x = B X S X . The inner function 
B x is the usual Blashke product associated to the zero set Z x HD, where Z x := {z G 
D : f(z) = for all / G X}. The positive singular measure /i T associated to the 
singular inner function S x is the greatest common divisor of all fi f , f G X. Note that 
supp(/i I ) is included in E^. For a subset K of T, we set 

fo)^*) := exp { - i- jf ^ z dfi f (9)} (/ G .4(B)). 

Lemma 3.5. £e£ f be a function in a closed ideal X 0/ the algebra A u . Then 
B X [S^) E O f belongs to I. 

Proof. Let / G X. Define -Bf n and -Bj n to be respectively the Blashke product 
with zeros Z f H D n and Z T n ©„, where D n := {z G D : |z| < n G N}. Fix 

n G N. The function Bj^ n /Bx, n is invertible in the quotient algebra A^jJ n , where 
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Jn ■= {geK : gB x>n G I}. Then f/B f>n G J n . It follows that B I>n (f/B f>n ) G X. 
It is clear that 

lim \\B x<n (f/Bf, n )- B x S f O f \\ oo = 0. 

n >+oo 

By using Corollary 15.21 in appendix B (F-property of A w ), we obtain 

lim \\B Itn (f/B Ln )-B x S f O f \l = 0. 

n >+oo 

So, B x S f O f G X. Let e > be such that 7 e := (ae t£ ,be~ l£ ) C 7 := (a, b), where 
a,b G E x and (a, b) C T\E X . By using the F-property of A w , the function B x (S f ) c O, 
belongs to A w . We set 

e (z) := (zae" i£ - l)(z&e i£ - 1) (z G D). 

From Proposition l3.6l -l below, the function g e := 4> 2 f le belongs to A w . Since supp(/i(s^ 
£7^, then we deduce from Lemma 13721 that [S f ^ g 2 G A w . We have 

= tt^S^O,) = *((S f )^) x K(B x (S f )^O f ) 

where 7r : A w — > A^/X, is the canonical quotient map. The function (S f ) g 2 is 
invertible in the quotient algebra A w /X, then B x (S f )^ c O f G X. It is clear that 

Hm 11^(^)^-^(^0,11^ = 0. 

Then, using Corollary 15.21 in appendix B, we obtain 

\unjB x (S f )^O f -B x (S f ) Y O f \l = 0. 

So B X (S ) c O„ G X. Similarly we can prove that B x (S f ) O G X, where : = 
U (a n , b n ) G fi B .We have 



n<N 



N ^ + J B ^ s fh f- B A s f) Ex °f\\oo = °- 

Using again Corollary 15.21 we deduce 

^jm^ \\B x (S f ) rCN O f - B x {S t ) E O f \l = 0. 

Then B x (S f ) E O f el. This proves the lemma. □ 

3.2. Proof of Theorem 12.11 For the proof of Theorem 12.11 we need the following 
proposition about approximation of functions in A w 

Proposition 3.6. Let u be a modulus of continuity satisfying the condition (I2.ip . 
Let f G A w be a function such that \\f\\uj < 1 and E a closed subset ofT. Let g G Je 
be an outer function and S singular inner function such that supp(/i s ) C E g . Then 

1. The functions Sg 2 and Sg 2 f ' belong to A u , for every iVeN, 

N 

2. We have lim \\Sg 2 f c - Sg 2 \L = 0, 

N — >+oo jv 

where T N := |J (a n ,b n ) G If moreover u satisfy the stronger condition (12.20 . 
then 
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V . The functions Sg and Sgf belong to A w , for every iVeN, 

JV 

2'. We have lim ||Sg/ rc — Sg\\ UJ = 0. 

N — >+oo N 

Proof. From Lemma 13721 we have Sg 2 G A u . It is clear that {Sg 2 f c }n<£N is a 

JV 

sequence of functions in the disk algebra. Let us note that if 

\S(z)g 2 (z)f r (z)-S(w)g 2 (w)f v (w)\ 



w(\z-w\) 



o(l) (as |z-iu| -»• 0), (3.9) 



uniformly with respect to T G Q E , then assertion 1 follows immediately. Further- 
more, assertion 2 can be deduced by applying Lemma I3TT1 

Thus, it suffices to show only fl3.9j) . For this, we fix T G Q E and we let £ and ( be 
two distinct points in T such that d(£, E) > d((, E). It is clear that 

|g(Og 2 (o/ r (o-g(cy(o/r(oi 

w(ie-CI) 
' 2 (0 - g( 

"(l£-CI) 1 |y vs;i w(ie-CI) 

Since Sg 2 G A w (by Lemma [372]) . then the proof of (13.90 reduces to 



< | /(c) | |g(Qg 2 (0-g(Cy(OI , |j2(c) |l/r(0-/r(OI 



2^,l/r(0-/r(0l 



lff(C)l r ^-C|) (1) ( aS ^-C|— 0). (3.10) 



Case 1. For |£ - C| > (^%^) 2 , we have 



2, J/r(0-/r(C)l / o 1^(01 



i<r(c) r r ,i < 2 



w(ie-ci) - me -ci) 



< 



% ^KC,£))J 

= o(l) (as |e-C| — > 0). (3.11) 

Case 2. For |£ - CI < ( ^^ ) 2 with C £ T. It follows [£, C] C (r U E) c . Then 
2: T and d(z, £") > d((, E) for every z G [£, C]- There is z G [£, C] such that 

l/r(£)-/r(OI 1 / I log|/(e^)|| _ _ C/ 



IC-CI r 7T 7r |e ie -z| 2 ~ d 2 (z,E)' 

It follows 

|/r(0-/r(C)l < C / 



ic-ci -^(c^y 
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Therefore, we have 

l/r(0-/r(OI l^(0lie-Cll/r(0-/r(0l 



"(K-ci) ^(ic-ci) ic-ci 

ls 2 (C)ll£-CI 



< 



< 



\g(0\ x^(rf 2 (C, J E))K-Cl 



Cf \tu(d(C,E))J co^-CmCE) 
= o(l) (as |<e-C[ — >0). (3.12) 

Case 3. In this case let us assume that |£ — C\ < — ~) 2 anc ^ C e ^' ^ follows 
that eer, and therefore |/-J(0| = |/"*(0I = 1- From 

/r(0-/r(0 

= /(0/^(0-/(C)/^(C) 

= /"J(0(/(0 - /(C)) + /(C)(/-J(0 - C(0) 

= /-j(o(/(o-/(0) 

-f(Of-l(OC(0{f nr (0 - / nr (0) (3-13) 
combined with ( 13.121) . we deduce 

l/r(0"/r(OI 



l<AC)l- 



w(ie-CI) 



._>, M 1/(0-/(01 , ,^M, 2^,l/nr(0-/ nr (OI 



< inoi - ;, v,r' + i/(oii^(oi- 



w(ie-CI) «(ie-ci) 

= o(l) ( as |£-C|— 0). (3.14) 

From inequalities (13.111) . (13.121) and (13.141) . we see that (13.101) holds. If moreover uj 
satisfy the condition (12. 2ft . we can deduce similarly the assertions 1' and 2'. This 
completes the proof of the proposition. □ 

Proof of Theorem \2.Vi Let X be a closed ideal of the algebra such that U x 
I . Let g be an outer function in Je and consider / EX. From Lemma l375l we deduce 
that (S f ) E O f E X. Then, (S f )E T 9 2 O f E X. From Lemma [3T41 and Proposition l3.6l -l. 
we deduce that (S f ) E g 2 f rc £ X, for every N E N, where T N := (J (a n , 6 n ) G f2 B . 

Thus, by Proposition I3.6I -2. [S f ) E g 2 E X. Now choose a sequence of functions 
{/n}«eN C X such that the greatest common divisor of the inner parts of /„ is equal 
to 1 and such that (l/2n) J 2w dfj, fn (9) < 1. This infers that k n := (S fn ) E g 2 E X, for 
every n E M. By Lemma [3.21 we have 

|*n(0-*»(C)l 



me -co 



o(i) (as le-ci — > 0), 
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uniformly with respect to n. Using the fact 

lim ||A;„ - g 2 \\oo = 

n >+oo 

and Lemma [3.11 we deduce 

lim \\k n - g 2 ^ = 0. 

n >+oo 

So g 2 G X. This finishes the proof of the theorem. 

3.3. Proof of Theorem 12. 3L We begin by proving the following proposition 

Proposition 3.7. Let u be a modulus of continuity satisfying the condition (II. ID . 
Fix 1 < p < 2. Let g G be a function such that \\g\\u, < 1 and let E be a closed 
subset of E. Then 

1. The functions U O p and XJ g O p g belong to A w , for every iVeN, 

2. We have lim ||£/0£# rc - C/ 0£|L = 0, 

JV — >+oo N By 

where T N := [j (a n ,b n ) G f2 E . 

n<JV 

Proof. By using the F-property of A w and the following 

^(O^(O-^(C)O^(C) 
= o p -\o(u g (0o g (0 - u g (c)o g (0) - u g (Oo p -\o(o g (0 - o s (C)) 

+ ^(0K(6-o?(0) (e.ceT), 

the function i7,0£ belongs to A w . It is clear that {U g O p g rc }n£N is sequence of 
functions in the disk algebra and 

lim \\U g O<> g g rc - UgO^ = 0. 

JV — >+oo 3 jv a 



Note that if 

-o(l) (as |f- C| ->0), (3.15) 



uniformly with respect to T G fi B , then assertion 1 holds as well as assertion 2, 
which follows from (13 . 151) combined with Lemma [3.11 

Below, we have to prove (13 . 1 5h . Let f , ( G T be two different points such that 
d(£,E) > d((,E). It is clear that 

\u g (0o p g (09r(0-u 9 (Qo p 9 (09r(0\ 

w(ie-ci) 

< , (n , \utf)om-u&)Q p g (Q\ , |, 1|P Mhgri 
- w(|e-CI) mUI w(|e-CI) ' 

Then, to prove ( 13.151) it is sufficient to prove that 

|g(C)|p lfe i(|g-^|) C)l =0(1) ( as l^-CI— 0). (3.16) 
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1. We suppose that |£ — (\ > ( — ^ — we obtain 



| (c) |p br(0-y r (01 < 2 . I^(C)| P 



w(ie-ci) - w(ie-ci) 



< 2P+ i n -ifJ?(OLy 



= o(l) (aaie-Cl— 0). (3.17) 

2. In this case we suppose that |£ — C| < (— ^ — -) P and that ( ^ T. It follows 

[£, C] CT\£. Then z T and \z - e ie \ > ±|C - e i0 | for every z G [£, C] and 
for every e ld G T. There is z G [£, C] such that 

lflr(0 ~gr(0j I ' / \i ^ „ / \ 

j^— = |# r (z)| < a r {z), 

1 /* I log |g(e if? )|| 

where a r (z) := — . ^~d6. Since a r (z) < 4 a r (C), then 

71 Jr \ e% ~ z \ 

\9A0-9AQ\ 



ie-ci 



<4a r (C). 



2.1. First we suppose that a r (C) < ,jp(^ j^) ' ^ * s c ^ ear ^ na t 



|g(C)lie-CI / |g(0j y/ ^(C^)) y K-CI 

^(c^vde-ci) \u(d(c,E))) \ d(c,E) J w(ie-ci) 



< • f ; -if b(OI V M<*(C,jg)) y le-CI i 

r> \uj(d((,E))) ' v rf(c,E) ; W (ie-ci)J 

= o(l) (aaie-Cl— 0). 



Therefore we obtain, 



ln(n Mt)-9r(Q\ < |g(C)Mg-Cllg r (fl-g r (OI 

w(ie-ci) w(ie-ci) le-ci 

- ^(c^Mie-CI) 

= o(l) (as 1^ - CI — > 0). (3.18) 
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2.2. Next we suppose that a r (C) > - — r— — — -rrr- Set \t := 1 — \£ — 

C| 1/p . Then 

1 /•27T 1 — A 2 

i /■ ie-ci 1/p 



* exp {i/ r F^ log '^^} 

< exp{-i|^-Cr^a r (C)} 
It is clear that |s(C)| p < ^HQ ~ 9{\0\ P + 2^ 1 |( ? (A C C)| P We obtain 

,br(0-»r(C)l 



l<?(C)l 



"(K-CI) 



< 2^M0_^|, r(0 _, r(c) | 
+2 ^ (AcC)l ^-ci) le-ci 

< 2%- 1 o(l) 

h2P -i K-CI f P \ /t 1 1°§ \9( eie )\\d0 



w(ie-ci) 1 4dp-i(c,^)J ^ 2 (c,£) 

= o(l) (as 1^ - CI — > 0). (3.19) 

1 1 
2.3. Now we suppose that < a r (C) < ^ _ Set ^ : = 

1 " ~ (c)rf p-i (c E) - Then K - C| 1/p < 1 - Pc < d(C, £)■ It follows that 



(1-pc) le-CI ^^(C^) y- 1 Mi-^y |e-ci 



< ?7 



i 

p ' 



and 

"(!-Pc) le-CI < -(i/p) f Ig-CI \ ^ 

Then 

^(i-pc) IC-CI / l<?(C)l ^ 



l- H uj(\£-(\)\d((,E) 

< ^/^f ig(Qi y- 1 ,-(yp)f i*-ci ^fjgCQL^s 

- Lkc,^ Ml* -CD' Uc^V J 

= o(l) (as K - CI — ^ 0). 
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Also we have \g(^cC)\ < ex P I ; — TT7 1 • We obtain 

I 4d p ~ l (Q, E) J 

\9r(0-9r(0\ 



\9(0\ 



«(I£-CI) 



< \g(0\ p ' J^ 4|) flr(2) (2G ^ 

< | (or i b(0 - KM) lie - ci (1 _ x ( x 

+|g(C)] p - 1 |g(/icC)l ^[|^ |) a r (^) 



< 



ie-CI / l<?(C)l y- 1 



-K u(\Z-(\)\d((,E) 

IC-CI / 1 \ / T |logto(e*)||d0 

exp J 1 



CI) ^ 4d^-i(C,J5)J ^(C^) 
= (as I^-CI — >0). (3.20) 

Consequently, from (13151) . (13151) and (137201) we obtain that if |f - C| < 
(^l) p and C ^ T, then 

1/(01 lg i%~-( if C^ S 1^ — CI — - 0). (3.21) 

3. In this case we suppose that |£ — CI — (~2 — ^ anC ^ ^ ^ ^' ^ e use ^ e 
equality (13 . 1 3() to transfer this case into the case C ^ T. Hence we use (I3.2ip 
to obtain also in this case that 

| p (c) | |gr(0 -gr(C)l =p(1) (as | e _ C |^ ). (3.22) 

-co 

Now (13.161) follows from inequalities (13. 171) . (13.211) and (13 . 22h . This completes the 
proof of the proposition. □ 

Proof of Theorem \2.3\ : Let X be a closed ideal in A w and g a function in 
Ajj. Then O g E A w and P E A w , for every p > 1. Suppose that t^O^ G X. Then 
U O p+2 G X, for every p > 1. From Proposition 13.71 -1 we have U O p g c G A w , and 

y 9 y 9 jy 

hence, U O p+1 g c G A w . It follows, by using Lemma [3T4l that U O p+1 g c G X, for 

9 9 JV 9 9 AT 

every p > 1 and for every G N. Hence, from Proposition I3.7I -2. U g O p+1 G X for 
every p > 1. Again we use Lemma [3741 and Proposition 13.71 to deduce that U g O p G X 
for every p > 1. This infers that g El. 

4. Appendix A. An equivalent norm in A w . 

In this section we give a simple proof of the following Tamrazov's Theorem [11]. 



Theorem 4.1. [UJ Let uo be any arbitrary modulus of continuity and let f be a 
function in A W (T) H A(D). Then f belongs to A u . 
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We need the following key lemma. 



Lemma 4.2. Let u be any arbitrary modulus of continuity and let f G A a) (T)n^4(D) 
be a function such that ||/||a w (t) < 1- For every 5 > 0, we have 

r-27r i U|2 . 

5)de\ 



cxp 



r i r Z7T i 

1 2^ 7o R 



1 - 


2 


2 




• Z 


2 



log(|/(e^)-/(z/|z|)| + 



< o(u(l - \z\)) + (as \z\ - 

where A is an absolute constant. 

Proof. Let < e < 1 and c £ > such that for any £, ( G T satisfying |£ — (\ < c £ 
we have — /(C) I < £ ~~ CD- Divide T into the following three parts 



r 2 
r 3 



= {eel 
= {eel 
= {eel 



\Z-zl\z\\<l-\z\<c e }, 

i-N < |e-^/NI <c e }, 



We have 



1 

2^ 



2?r 



1 - 


z\ 


2 


leifl _ 


- z 


2 



< 



- / r 

2tt J Tl \e 



1 - 


z\ 


2 


\e ie - 


- z 


2 



+ 
+ 



1 

2^ 
1 

2^ 



r 2 



1 - 


z\ 


2 


\e ie - 


- z 


2 



T 3 



1 - 


z\ 


2 


\e ie - 


- z 


2 



log{\f(e»)-f(z/\z\)\+6)d0 
log (e u(\e ie - z/\z\\) + 5)d6 
log {euj{\e ie - z/\z\\)\ + 5)d6 
log (o;(|e^-z/|z||) + 5)^ 



It is clear that 

Next we have 

h = 



h<{~ 
1 - V 2vr 



r-i 



1 - 


2 


2 


\e w - 


■ z 


2 



d0) log (e u{\ - \z\) + 5). 



1 

2^ 



< — 

~ 2tt 



< 



< ( 



1 

2^ 
1 



r 2 



r 2 



r 2 



1 - 


z\ 2 


\e ie - 


-z\ 2 


1 - 


z\ 2 


\e ie - 


-z\ 2 



log ( 
log( 



eu(\e id -z/\z 



1 - 


z\ 


2 


\e ie - 


■ z 


2 



log 



e\e ie -zl\z\ 



\e ie - z/\z\ 



v5)de 

u(l-\z\) 



1 - \z\ 



5)d6 



2tt 
+c 



r 2 



1 - 


z\ 2 


| e «? _ 


-z\ 2 



1 - F, 

dB) log (e w(l - \z\) + 5) 



{e U (l - \z\) + 5)) 



dQ 



t>i 



log(0 
t 2 



cit, 



(4.1) 



(4.2) 



(4.3) 
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where c is an absolute constant. Let c e be a positif number such that c £ < c e and 

1 f 1 - \z\ 2 

for every z6D satisfying 1 — \z\ < c' we have — / — - 2 < e. Hence, as in 

2n J T3 \e w — z\ 2 

(14.3p . we obtain 

log (uj(\e i9 - z/\z\\) + 5) d9 







1 - 


M 2 


2n J 




e i0 _ 


-z\ 2 


(i 




1 - 


-\z\ 2 




\e ie 


— z\' 


(I 




1 - 


-\z\ 2 


1 




— z\' 



dO) log (u(l-\z\) + 6) +c I ^r-dt 

Jt>\ * 

d9) log ( eu(l-\z\)+ 5) +c I l -^-dt 

Jt>i t 2 



1 - 


\z\ 2 


\e ie - 


-z\ 2 



v£ L0(l - \z\) + 5 

-elog(e), (4.4) 
for every z6D satisfying 1 — |z| < c E . From (14.21) . (14.31) and (14.41) we obtain 

-P{^ l W ^^(\f(e^-f(z/\z\)\+5)d9} 
< A(e uj{\1 - \z\) + 8) (z eD and 1- \z\ < c £ ). (4.5) 
where A is an absolute constant. This completes the proof of the lemma. 

□ 

We use lemma 14.21 to prove the following one 

Lemma 4.3. Let u be any arbitrary modulus of continuity and let f G A £J (T). Then 

\f(z) - f(C)\ = o{lo{\z - CD), (as \z - C| — 0, z G © and ( G T). (4.6) 

Proof. We can suppose that ||/||a w (t) < 1- Let < e < 1 and c e > be a number 
such that for any f, C G T satisfying |£~C| < c £ , we have 1/(0 -/(C) I < ew(|£-CD- 
Fix C G T and fix z G D such that |* - CI < c e / 2 and \z\ > 1/4. We have \z - (\ 2 = 
(1 - \z\) 2 + |z||z/|z| - C| 2 > \\z/\z\ - C| 2 . Hence \z/\z\ - (\ < 2\z - (\ < c £ . We 
obtain 

l/(*)-/(C)l 

< \f(z)-f(z/\z\)\ + \f(z/\z\)-f(()\ 

< \f(z)-f(z/\z\)\+su;(\z/\z\-C\) 



< expj^/ ^- F ^\og{\f(e^-f(z/\z\)\)de\+2eu;(\z-C\). 



~2tt 

2tt 

Now, we use Lemma l4~2l to deduce the result of the lemma. □ 



1 - 


z\ 


2 


\e ie - 


■ z 


12 
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Proof of Theorem \4-l[ ' Let < e < 1. From Lemma [4731 there is < c £ < 1/2 
such that for every z G D and for every ( G T satisfying \z — (\ < c £ we have 
\f(z) — f(()\ — £ — CD- Let z, w G © satisfying |z — to| < c e /2 and inf{|z|, \w\} = 
\w\>l — c £ . It follows that \zj\z\ — wj\w\\ < Izwl^^lz — w\ < 2\z — w\ < c £ . 

1. First we assume that \z — w\ > 1 — \w\. We obtain 

\m-f(w)\ 

< \f(z) - f(z/\z\)\ + \f(z/\z\) - f(w/\w\)\ + |/H - f(w/\w\)\ 

< Aeu(\z-w\). (4.7) 

2. Now we suppose that \z — w\ < 1 — \w\. We apply the maximum principle 

y / \ f (ill*) 

theorem in D to the analytic function z t— > , we get 



/(*) - /M 



z — w 



< sup 



z — w 

/(0-/M !/(&)- /Ml 



£ — w 



e T). 



2.1. If |£ M — it? | > c e , then 

!/(*)- /Ml 

w(|«-tw|) 



/(*) - /M 



z — w 



\z — w\ 



u(\z-w\) 



< 2 



\z — w\ 



C £ LU(\Z-W\) 

o(l) (as \z — ti?| 



0). 



(4.8) 



2.2. If 1^ — w\ < c £ , then — /Ml < e w (|6iu — H)- It follows that 



!/(*)- /Ml 

w(|«-tw|) 



/(*) - /M 



z — u> 



2 — W\ 



u(\z-w\) 



< 



/(&,) - /M 


i - 1 


w 






uj{\ - 


\w\) 



< £ 



< e. 





w 




If to ~W 


u(l - 


\w\) 



(4.9) 

From inequalities (14.71) . (14.81) and (14.91) . there is c' £ > such that if \z— w\ < c' £ 
and inf{|2|, \w\} > 1 — c e , then 

I/O*) -/Ml 



< e. 



wflz-wl) 

3. If 2, w G O are such that sup{|z|, \w\} < 1 — c £ we have 

I/O*) -/Ml 



(4.10) 



u{\z-w\) 



/(*) - f(w) 



z — w 



\z — w\ 



u(\z-w\) 

< sup \f(C)\ 'f~ W ' 
ld<i-4 v(\z-w\) 



0(1) 



as z — w\ 



0). 



(4.11) 
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From ( 14.1 01) and ( I4.111 ) we deduce the result. The proof of the theorem is completed. 

5. Appendix B. Factorization property in A w . 

The F-property of A u , for any arbitrary modulus of continuity u>, is given by 
Shirokov [10]. For completeness we give here the proof 



Theorem 5.1. [10] Letuo be any arbitrary modulus of continuity. Let f be a function 
in A w and let U be inner function such that f/U £ TC°°(D). Then f/U £ A w and 

\f/U(z)-f/U(w)\ 

- = o(l) (as\z-w\ — >0), 

u(\z-w\) 

uniformly with respect to U. Also \\f/U\\ u < c||/|| w , where c is an absolute constant. 

Corollary 5.2. Let u> be any arbitrary modulus of continuity. Let f and g be 
functions in A w and let {U n } n( zF$ be sequence of inner functions such that f/U n £ 
H°°{B) for every n £ N. // lim \\f/U n - = 0, then lim \\f/U n - ^|| w = 0. 

n— »+oo n— >+oo 

Proof. The proof immediately follows from Theorem 15.11 and Lemma 13.11 □ 
We begin the proof of Theorem 15.11 by establishing several lemmas. 

Lemma 5.3. Let u be any arbitrary modulus of continuity. Let f be a function in 
Ajj. Then 

\O f (z)\ < o(u(l - |*|)) + A\f(z/\z\)\ (as \z\ — 1), 
where A > is an absolute constant. 
Proof. For z £ D, we have 



log 


\O f (z)\ 


1 


r 27T i-\z\ 2 


2^ 


Jo \e ie -z\ 2 


1 

< — 
~ 2tt 


^ \-\z\ 2 


Jo \e i0 -z\z 



\og\ f(e*°)\d6 

\og(\f(e id ) - f(z/\z\)\ + \f(z/\z\)\)d9. 

Now, we use Lemma T4.2I to complete the proof of the lemma. □ 
For a function / £ 7i°°(D) we set 

where {a n : n £ N} = Z. DB (for all n, a n is repeated according to it's multiplicity) 
and /jL f is the positive singular measure associated to the singular factor S f of /. 

Lemma 5.4. Let f be a function in the disk algebra with inner factor U. ^ 1. Let 
£ £ T \ E , and let < p < 1 be such that 1 — p < d(£, Z.). Then 

\ Uf (pO\<exp{-^-la f (0}- 
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Proof. We have 



loglWI = 



i - Ip£P 



< — - 



p£I ; 
1 i-p 



2tt ./ 4 |e ie - £| 2 
1-pl 



dp f {9) 



It is clear that 



\z — w\ 



8 7T J T \e ie -i\ 2 



\w\\ + \z\\w\\z/\z\ — w/\w\ 



dp f (9). 



[z, w G 



Now we estimate \B f (p£)\. For all n e N, we have 



Hence 



Therefore 



P£ - On 


2 




(p- 


-M) 2 


+ pK||£-a„/|a n || 2 


£ - P a n 






(i- 


pKI) 2 


+ P - a n /|a n 2 








i - 


(i-p 2 ) 


1 - \a n \ 2 








|£ - pan| 2 






< 


i - 


i-pi- 


- M 2 








- o I 2 ' 


log 


P£ 




i - 

< 


-pi- |a n | 2 


e- 


POn 




3 K-«n| 2 ' 



1^(^)1 <exp{ 
From (15.ip and (15.2p we obtain 



1 - p 1 ~ M 



n>0 



If - On | 



■}■ 



\U,(rf)\ <exp{-i-^ ,K)}. 



This proves the lemma. 



(5.1) 



(5.2) 



□ 



Lemma 5.5. Lei f be a function in A w and let U be an inner function such that 
f/Uen°°(B). Then 

|/(C)| = °Mt4tt)) («d(C,^) — 0, CGT\^.). 

Proof. Let £ > 0. There is c e > such that if |z — iu| < c £ , z,w 6 T, then we have 
— f(w)\ < euj(\z — w\). From Lemma IBT31 there is < c' £ < c £ such that if 
1 — p < c' £ , then |0/(pC)| < -^-(e w(l — p) + |/(C)|)> where A > 1 is an absolute 
constant. Let (6T\£ such that <i(£, -Z' / ) < c £ . 



1. We assume that a a (C) < 
ew( — — ) < 8Aeu( 



8A 



d(C,Z f 



-. Then we obtain \f(()\ < eu(d((,Z.)) < 



Op(C) ' 
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8A 

2. Now assume that a y (C) > . Then 1 — p c < d((,Z f ), where p c : = 

"(C) Zf) 

8A 

1 — r . We have C/./C/ G W°°(B), then a„(C) < a,(C) and by using 

MO 

Lemma ElU we obtain 
|^(p c C)| < exp { - l^c a/ (C)} < exp { - i^la u (C)} = ex P {-A}. 
Since d(C, ^ ) < c' £ , then 1 — p c < c e and we have 

IMOI = \U f ( P( 0\\Of(p c O\ < Aexp{-A}(e w (l - p f ) + |/(C)|). 
Hence 

1/(01 < l/(C)-/(p c OI + l/(PcOI 

< e u(l - Pc ) + AeM-A}(s u(l - p c ) + |/(C)|). 
It follows that | /(C) | < 3e u(l - p ( ) < 24 As u( — t-t). This completes the 

<MO 

proof of the lemma. 

□ 

Proof of Theorem \5.1\ : 

Now, we can deduce the proof of Theorem 15. II by using Lemma [531 Indeed, from 
Theorem 14.11 it is sufficient to prove that f/U G A W (T), that is 

l/(0MQ-/(0M0l m , \t n n Afifer\ 
— — — = o(l) (as C-C — ^OandCCeT). 

^(If -CI) 

Let C, C £ 1" be two distinct points such that d(£, > d(C, Z f ). We have 

l/(OMO-/(OMC)l < 1/(0-/(01 | ■ f mi 1^(0-^(01 
^(IC-CI) - ^(IC-CI) mc-ci) ' 

Then it suffices to prove 

1/(01 '^(ic- W =o(1) ( as ^-^l^°)- ( 5 - 3 ) 

1. First we suppose that |£ — CI > |^(C Z ). Then 
|/(c)| 1^/(0 -17(01 < 2 1/(01 



«(ie-ci) w(id(c,^)) 

1/(01 



< 4 



w(d(C,^)) 

o(l) (as |C-C| — " 0)- (5-4) 



2. Next we suppose that |C - CI < HO Z { ). Then [f , (]cT\£ f There is z G 



n>0 

M*) < 40,(0 < 
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2.1. If a v (0 < — ^r- Then, by using Lemma 15751 we deduce that 

1/(01^(0 ^^ = o(l) (as d(C, Z,) — 0). 
Therefore 

MZ)-u(Q\ 



1/(01- 



< 41/(01^(0 



w(ie-CI) 

le-ci 



< inf U|/(C)K(C) 



w(ie-ci) 

ic-ci ^ii/iu le-ci 



Mie-ci)' ^(c^me-ci) 

= o(l) (as |e - CI — - 0). (5.5) 

2.2. Now assume that a u (() > — ^r. Then, by Lemma 15751 we obtain 
|/(C)| = o{u{\£ - CD), as d(C, Z f ) — 0. Therefore 

i frni l^(0-^(C)l < - f r 2 1/(01 cj/iu le-Q i 
w(ie-CI) " i w(ie-CI)' ^(0^)^-0)/ 

= o(l) (as le-Cl — >0). (5.6) 

Consequently (15.31) follows from inequalities (15.41) . (I5.5P and (|5.6p . The proof of the 
theorem is completed. 
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